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In this article we shall give an elementary introduction to an important problem in representation theory. The problem is to relate the automorphic representations of classical groups to those of the general linear group. Thanks to the work of a number of people over the past twenty-five years, the automorphic representation theory of GL(n) is in pretty good shape. The theory for GL(n) now includes a good understanding of the analytic properties of Rankin-Selberg L-functions, the classification of the discrete spectrum, and cyclic base change. One would like to establish similar things for classical groups. The goal would be an explicit comparison between the automorphic spectra of classical groups and GL(n) through the appropriate trace formulas. There are still obstacles to be overcome. However with the progress of recent years, there is also reason to be optimistic.
We shall not discuss the techniques here. Nor will we consider the possible applications. Our modest aim is to introduce the problem itself, in a form that might be accessible to a nonspecialist. In the process we shall review some of the basic constructions and conjectures of Langlands that underlie the theory of automorphic representations. 1. We shall begin with a few of the basic concepts from the theory for the general linear group. For the present, then, we take G = GL(n). This is the final form of the paper.
The unitary representation R is highly reducible. For this discussion we shall define an automorphic representation informally as an irreducible unitary representation 7r of G(A) which occurs in the decomposition of R. This notion would be precise certainly if 7r occurred as a discrete summand of R. However, the irreducible constituents of R depend on several continuous parameters and one wants to include all of these. The proper definition [14] in fact includes irreducible representations of G(A) which come from the analytic continuation of these parameters, but there is no need to consider such objects here. It is known [5] 
If G is not split, one must take a semi-direct product G x Gal(E/Q), in which Gal(E/Q) acts on G = S0(2n, C) by conjugation through the isomorphism
Gal(E/Q) 0(2n, C)/ SO(2n, C).
The two cases are combined in Langlands' original construction of the L-group
LG= G > Gal(Q/Q), where Gal(Q/Q) acts trivially on G in case G is split, and acts on G through its quotient Gal(E/Q) if G is not split. In the case of the general linear group, one obviously takes L (GL(n)) to be the direct product of GL(n, C) with Gal(Q/Q). LrG : LG= G Gal(Q/Q) >-GL(N, C) x Gal(Q/Q) = L(GL(N)).
By composing with LrG, we obtain a map QG -> ,
between L-homomorphisms into the two L-groups. We shall identify q with its projection onto GL(N, C), that is, with an N-dimensional representation of Gal(Q/Q). Assume that q is self-contragredient. Setting s = 1, we see that
The self-contragredience of ¢ means that it factors through an orthogonal or a symplectic group. If 0 factors through Sp(N, C), e (, ) can be either 1 or -1;
the actual value of this sign has interesting number theoretic implications [6] . If q factors through O(N, C), however, e (1 b) is known to equal 1 [7] . One would like to establish the automorphic version of this property.
(iv) Suppose that rZis a self-contragredient cuspidal automorphic representation of GL(N). If ir is the image of an automorphic representation 7rG of a group G with G = SO(N, C), show that e (,7) = 1.
3. It is known that an automorphic representation 7r of GL(N) is uniquely determined by the family t(7) of conjugacy classes. In other words, the map 7r -t(w), from the automorphic representations of GL(N) to families of semisimple conjugacy classes in GL(N, C), is injective. (The objects in the range are to be regarded as equivalence classes, two families being equivalent if they are equal at almost all p.) This is a theorem of Jacquet-Shalika [10] , which is an extension of the earlier result for cuspidal automorphic representations. ( 
We have shown that the original Galois representation factors through LG, for a unique classical group G = G1 x G2. The handle the cuspidal components 7ri, we could copy the construction above; we would be able to attach twisted endoscopic groups G = G1 x G2 to ir, and to define the groups S (G). It is enough to treat the case that 7ri is self-contragredient. One would need to show that each such 7ri is attached to a unique endoscopic group Gi for GL(Ni), and that Gi is primitive in the sense that Gi equals either Sp(Ni, C) or SO(Ni, C). This is essentially part (ii) of the problem stated above.
The remarks of this section have been concerned with setting up the definitions.
One needs to define the group S,(G) in order even to state what the image and fibres of the maps lrG --7r should be. These groups are therefore at the heart of things. The required properties of the cuspidal components 7ri will have to be established as part of the full solution of the problem. One can foresee an elaborate inductive argument on the rank N of GL(N), which is based on the interplay of the stabilized twisted trace formula of GL(N), and the stabilized trace formulas of the endoscopic groups G.
